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Abstract. We prove small energy scattering for the 3D Klein- Gordon- Zakharov 
system with radial symmetry. The idea of proof is the same as the Zakharov 
system studied in [B], namely to combine the normal form reduction and the 
radial-improved Strichartz estimates. 



1. Introduction 

In this paper, we consider the Cauchy problem for the 3D Klein-Gordon-Zakharov 

system 

u — Am + u = nu, . . 

h/a 2 - An = -Am 2 , 

with the initial data 

u(0,x) = Mo, u(0,x) = Mi, n(0,x) = n , n(0,x) = n\, (1.2) 

where (u,n)(t,x) : M 1+3 — >■ R x R, and a > 0,a ^ 1 denotes the ion sound speed. 
It preserves the energy 

^ f i ,9 ,9 , ,9 \D~ l h\ 2 la 2 + \n\ 2 l9 , ,„ oN 

E= |m| 2 + |Vm| 2 + |m| 2 + — —-n\u\ 2 dx, (1.3) 

Jr3 2 

where D := y—A, as well as the radial symmetry 

(m, n)(t,x) — {u, n)(t, \x\). (1.4) 

We consider those solutions with such symmetry and finite energy, hence 

(i*o, "1, "0,^) e H^(M. 3 ) x L 2 (M 3 ) x L 2 (M 3 ) x if-^R 3 ). (1.5) 

We are interested in the scattering for small data in the above function space. 

This system describes the interaction between Langmuir waves and ion sound 
waves in a plasma (see PQ, [3]). The local well-posedness (for arbitrary initial data) 
and global well-posedness (for small initial data) of ( 11. ip with a < 1 in the energy 
space H 1 x L 2 was proved by Ozawa, Tsutaya and Tsutsumi in [IE] . We point out 
that (II. ip does not have null form structure as in Klainerman and Machedon [9] and 
this suggests that when a = 1 the system (II. ip may be locally ill-posed in H 1 x L 2 
(cf. the counter example of Lindblad [10] for similar equations). Hence, we suppose 
1 here. When the first equation of (11.11) is replaced by c~ 2 u — Am + c 2 m = —nu 
and c, a — > oo, Masmoudi and Nakanishi studied the limit system and the behavior 
of their solutions in a series of papers [H]-[T3]. The instability of standing wave of 
Klein-Gordon-Zakharov system was studied in [1], [5] and [2]. 



2 



Z. GUO, K. NAKANISHI, S. WANG 



In this paper, inspired by [6], we combine the normal form technique, which was 
first used in a dispersive PDE context by Shatah [T7j, and the improved radial 
Strichartz estimates to prove small energy scattering of (11.11) with radial symmetry. 
The normal form transform was also used in [15] for (II. ip and they got the scattering 
from initial data small in the Sobolev spaces with high regularity and in LP with 
p < 2. Moreover, their scattering result is independent of radial symmetry. The 
main result of this paper is 

Theorem 1.1. // (w , Ui, Uq, n{) are all radial and small enough in the norm of 
(jl.5p . then the solution (u,n) scatters in this space as t — > ±oo. 

The main difficulties for the proof of scattering are derivative loss and slow dis- 
persion of the wave equation together with the quadratic nonlinearity. The loss of 
derivative can be overcome by the normal form transform (under the assumption 
a ^ 1, so we have good nonlinear structures mainly due to the different propagation 
speed.) To handle the quadratic interaction, we have to assume radial symmetry so 
that we have wider class of Strichartz estimates. 



2. Transform of equation 

This section is devoted to transform the equation by using the normal form. It is 
convenient first to change the system into first order as usual. Let 

U :=u-i{Dy l ii, N := n - iD~ l h/ 'a, (2.1) 

where (x) = (1 + x 2 ) 1 / 2 , then u = ReU = {U + W)/2, n = Re M = (AT + tf)/2 and 
the equations for (U, Af) are 

lid t + (D))U = {Dy\NU/A + NU/A + NU/A + Afti/A), 
[id t + aD)N = aD(UU/A + UU/A + U 2 /A + U 2 /A). ^ ' ' 

Now we introduce some notations. We use K(t),W a (t) to denote the Klein- 
Gordon and the wave propagators: 

K(t)<f> = J : - 1 e it ®4>, W a (t)(j) = J-V at|f l0, = ^0. 

Let 7/o : E — > [0,1] denote a radial smooth function supported in {|£| < 2} and 
equal to 1 in {|f | < 1}. For k e Z let X k(0 = Vo(^/2 k ) - Voi^' 1 ) and x<fe(£) = 
T] (^/2 k ). For k e Z let Pk, P<k denote the operators on L 2 (M 3 ) defined by Pfctt(£) = 

xk(\c\)m,p^(o=x< k m)m- 

For a quadratic term uv, we use (uv) LH , (uv)hh, (uv)hl to denote the three 
different interactions 

(UV) LH = ^2P< k - ka uP k V, (uv)hL = (VU) LH , (uv)hH= ^2 PkrUPkzV, 
k£Z \ki— k2\<k a 

fei,fe 2 ez 

where k a is a large number which is determined later, depending on a. It is obvious 
that we have 



uv = (uv)hh + (uv) L h + (uv)hl, 



(2.3) 
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and they are all radial if u, v are both radial. Moreover, for any such index * 
HH, HL, LH, we denote the bilinear symbol (multiplier) by 



F{uv)* = J VS{^ - v)v(v)dv, (2.4) 

and finite sum of those bilinear operators are denoted by the sum of indices: 

(uv)* 1+ * 2+ ... = {uv) n + (m>)* 2 H . (2.5) 

From Duhamel's formula and taking a Fourier transform, we get that the first 
equation of ( 12. 2 p is equivalent to 

U = e im U - f e l{t - sm F(nu) H Lds - i<0 _1 f e i{t ~ s) ^ ^{nu) HH+ LHds 

Jo Jo 

Especially, for the second term, we have 

-lit)' 1 J J e i{t - sm V HL n{s^ ~ v)Hs, v )d7]ds 
= - liO' 1 ^ J J ^Le lsWl [e^ as|5 " ? ' l A / '(s,e-^)][e~ ls<,?> W(s,r/)]^s 

- \ (0~^ m2 J f V HL e 1 ^ [e ias ^A(s, £ - 77)] [e^U(s, n)]d V ds 
~ ~ (CrV^I 2 jT J V HL e is "* [e- ias ^Sf(s, £ - v)} [e zs{r,) U(s, n)}d V ds 

- -itr 1 ^ 2 f V HL e isu}A [e ias ^M{s,i - r])}[e is ^U{s,r])\dr]ds, 

where 

uJi = -(0 + c*|£ -v\ + (V), u 2 = -{0 - a\£ -ri\ + (r/), 

w 3 = -(0 + a\£ -r]\ - (v), ^4 = -(0 - a\£ -T)\ - (rf). 

It is obvious that u 2 and will not vanish in the support of Vhl- |£| ~ |£ — 7 7l 3> 
\r]\. For example, if we choose k a > 5, then 

|w 2 |, M ~ a (f). 

Therefore, there is no resonance in these cases. 

In contrast, U\ and U3 have more trouble since they vanish when \rj\ =0 and 
|£| = c a := 2a/\a 2 — 1| in the support of Vhl- Therefore, we need further to 
distinguish (uv) hl between resonant and non-resonant frequency parts as follows 

(uv) aL = PkUP< k -k a V, (UV)XL = Yl PkUP<k- ka V, 

\2 k -c a \<8 a , \2 k -c a \>S a , \ ' ' 

and similarly denote (uv)i a , (uv)lx- Then we use normal form only for non-resonant 
parts. We give the estimates of U\ and W3 precisely in the following lemma, similar 
to the estimates in 
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Lemma 2.1. Let 1 ^ a > 0, then there exist c a , 5 a and k a such that in the support 

0fV XL , 

l^ll ~a |f |, M ~ Q (f). 

Proof. We will use the simple fact (77) — 1 = <\r)\. 
(1) We consider the case < a < 1. 
For cji, by solving 

(0-i = «iei, 

we can get the resonant frequency 

2a 



u 1 9 
1 — cr 

Now we estimate the function f(r) := ar — (r) + 1. Since /'(0 = ot — r / (r) and 
/"(r) = —1/ (r) 3 , / is convex and has only maximum at 

r = 2 e (0,C Q ). 



v 7 ! 



a 



There exists 9 G (0, 1) such that c a (l — 6) G (r , c a ). Let 5 a = 9c a , then we can find 
a number p = p(a, S a ) such that 

> pr for r G [0, c a 5 a ) U {c a -\- 5 a , 00). 

Choosing k a > | log 2 p\ +5, we have 

M ~« If I 

in the support of Vxl- 

Now we consider u 3 . Choosing k a > | log 2 (l — a)\ + 5, we have (1 — a)|f| 3> |^|. 
Since 

M > 161 - a|e - ^1 + 1 > (1 - «)lf I - M + 1 > c|f | + 1, 

we have 

1^3 1 ~a (0 

in the support of Vhl- 

(2) We consider the case a > 1. 

For cui, by choosing fc Q > | log 2 (a — 1)| +5, we have |f| 3> |r?| and (a — l)|f | ^> |r/|, 
and hence 

MH(-<0 + l) + a|f-??| + (<O-l)l~a If I 

in the support of T^l- 
For CO3, by solving 

(f) + l = «|f|, 

we can get the resonant frequency 

2a 

CT — 1 

For the function p(r) := ar— (r) — 1, since flf'(r) = a—rj (r) > 0, g"(r) = — 1/ (r) 3 < 
and the asymptotic line is y(r) = (a — l)r — 1 when r — > 00, |#(0I an d the line 
/i(r) := (a — l)r/2 have two crossing points r cl and r c2 . Let 5 a such that 

<5 a = max{|c a - r cl \, \c a -r c2 \}, 
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we have 



a - I 

\g{r)\ > - r for r G [0, c a - 5 a ) U (c a + 5 a , oo). 



Choosing fc a > | log 2 (a — 1)| +5, and noting that |o^3 1 ~ 1 for 1 |£| ^> \r]\, we have 

|Ws| ~a (0 

in the support of Vxl- D 

By the lemma above, we gain for high frequencies (|£| > 1) in all the cases, 
and lose for low frequencies (|£| < 1) in the case u\. In general, the lower 
frequencies can be more problematic in the scattering problems, but it will turn out 
that we can absorb by the Sobolev embedding. 

By similar analysis, corresponding to the four nonlinear terms of the second equa- 
tion of (12. 2p . the resonance functions are 

1 = -a|£| + (£ - V ) - (77}, u 2 = -of|e| -(Z-r}) + (v), 

w 3 = + (Z-ri) + (V), ^4 = -aiei -(t-v)- (V)- 

It is easy to check that \ojj\ behaves the same as \o0j\ for j = 1,2,3,4. Indeed, Uj 
and Uj are in the dual relation with the correspondence £ 1— > 77 — £. 

In order to simplify the presentation, we assume that a < 10 and the nonlinear 
terms in the first and second equation of ( 12.2ft are A/"W and UU respectively. For 
other cases, the proof is almost the same. Then we get that the first equation of 
( 12. 2 p is equivalent to 

U = e u ^U - i (0~ 1 f e^ s ^J"(AfU) XL ds - i (0~ 1 f e^- s ^^(Afl() HH+LH+aL ds 
Jo Jo 

:= I +11 + III. 
Using the equation (12. 2p again, we get that 

dtie'^U) =-ze- it «>(O~ 1 (70 r *W)(O, (2-7) 
d t {e- iam M) = - ie~ iam a\i\{U *U){i). (2.8) 

Thus we have 

J/ = _ 2 (£)- 1 ^ J e l{t - sm V XL U{s,i - r])U{s, V )dr]ds 

= -i(0~ 1 e im [ [ PxLe^[e" ias|5 -^(s,£-r7)][e- is(, ' ) W(s,r/)]rir/ds, 







where the resonance function 

u:=-{£) + a\£-7i\ + (ri). 



1 This is the physical case in plasma 
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From integration by parts, we get 

// = - (f) -1 e ft ® J J V XL uJ~ l d s {e lsul )e- ias ^U{s^ - r])e- ls{ri) U{s,7])dr]ds 

= - (tr 1 f vxlu- 1 [Af(t, e - wit, n) - e u ^Af(o, e - ^(o, ^ 

- i<0 _1 J J Vxlu-^-'WMs, Z ~ * U)(s, V )d V ds. 

We introduce a bilinear Fourier multiplier in the form 

n(f, g ) = T~ l J VxLco-'m - v)g(v)dv- (2-9) 

Then we have 

// = - (£}-\Fft(.Af,Z/)(t) + (O" 1 e i * <€) J r fi(A^,W)(0) 



-ia<0 _1 f e^- sm m(D\U\ 2 ,U)(s)ds 
Jo 

-i<0 _1 / e^" s )^^(Ar,( J D}- 1 (Arw))(s)rfs. 



(2.10) 



Thus we obtain 

W =K(t)U + /^(t)( J D)~ 1 fi(AT,W)(0) - ( J D)~ 1 fi(7V,W)(t) 

— ia(D)^ 1 [ K{t- s)Q(D\U\ 2 ,U){s)ds 
Jo 

-i(D)- 1 [ K(t-s)n(M, (Dy\AfU))(s)ds 
Jo 

-i{D)~ l ! K{t-s){MU) HH+LH+aL ds. 
Jo 

For the second equation in (I2.2p . similarly, we can apply the normal form reduction 
for the high-low and low-high interaction, and then get that it is equivalent to 

J\f =W a (t)N + aW a (t)DQ(U,U)(0) - aDCl(U,U)(t) 



-ia I W a (t - s)D(UU) HH+aL+La ds ^.W 



la 



W a {t - s){Dh{{D)~ 1 {MU)M) + Dtt(U, (Dy 1 (MU)))(s)ds, 



where Q is a bilinear Fourier multiplier in the form 

mg) = r- 1 I r XL+LX / . te-fZW dv . (2.i2) 
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3. STRICHARTZ ESTIMATES AND NONLINEAR ESTIMATES 

In this section, we introduce the Strichartz norm we need. Because of the qua- 
dratic term, our space relies heavily on the radial symmetry. For U and A/", we use 
the radial-improved Strichartz norms 



UeX\Y, M g LfL 2 x n L 2 B~^[^, 



(3.1) 



for fixed 0<£< 1, where ||W||xiy := \\P«M 



\x + \\P>oU\\ Y and 



X 



y — r^H 1 n f 2 r 2 / 3 



1 e 
4 + 3' 



By the Sobolev embedding, 

Hi = B, 



m 



?(3/4),2 

2 



Al/4+e £}l/4-e ^ r 



2 



g(-e),2 " 



From now on, the third exponent of the Besov space will be fixed to 2 and so omitted. 
The condition < s <C 1 ensures that 
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< q(e) < 4 < q(—e) < oo, 



(3.2) 



such that the norms in (13. ip are Strichartz-admissible for radial solutions. The 
Strichartz estimates that we will use are given in the following lemma. 

Lemma 3.1. Assume that <fi{x), f(t, x) are spatially radially symmetric in M 3 . Then 
(a) Assume (q,r), (q,r) G [2, oo] 2 both satisfy the Schrddinger- admissible condi- 
tion: 

2 5 5 

- + - < - or (q,r) = (oo,2) 
q r 2 



and q > 2. Let 

/?(<?, r) 



f — f — |, l + H 1 or(g,r) = (oo,2); 
i + i - I, ± + | > 1 and I 



5^5. 
r ^ 2' 



-I) + , I+ 2 = l. 

r ' ' q r 

where we used the notation a+ to denote a + e for arbitrary fixed e > 0. Then 



II^W^>o0|| L?i j-«^)<IK 



- s)P> f(s)ds 
\\K(t)P <Q (f> 

t 

K(t - s)P <0 f(s)ds 



<\\P>of\\ 



L q t B~2 {q ' r) 



t fin 



2 , 3 _ 3 
h t tS r,2 



< ll^<0/ll 3 3 2 



T 1' r q 



(3.3) 
(3.4) 
(3.5) 

(3.6) 



(b) if (q,r), (q,r) G [2, oo] 2 both satisfy the wave- admissible condition: 

12 . . . 

— I — < 1 or (q,r) = (00, 2) 

q r 
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and q > 2, then 



\W a (t)</>\\ g .i + |-|<||0|Ui, (3.7) 



W a (t-s)f(s)ds 



o 



< 



Proof. The proof of (b) can be found in [7J, and the previous references therein. 
Using their idea, we give a rough proof for both (a) and (b). By Riesz-Thorin 
interpolation and the classical Strichartz estimates, it suffices to prove the lemma 
for (g, r) = (2, r). Consider a free solution on M 3 with |£| ~ 2 k frequency in the form 

u k (t,x) = e a ^ D) P k <t>{x), (3.9) 

where <j) G L 2 X is radial, and w(|£|) is the dispersion function. Computing it in polar 
coordinate, we have 

u k (t, x) = pr [ e u ^ 2k ^Xo(p)2 2k p^2 k p) sm(2 k \x\p)dp. (3.10) 

M J p ~i 

Hence if for some j , we have an estimate of the form 



|| Xj (W) / e^ 2fc ^ 2fc ^o(p)/(p)^|| i?i , (IR2) < 2^ fc ||/|| L , (R) , (3.11) 

with some a, (3 and r > 2, then we get 

IMWHMIU^i+a) < 2(- 1+2 /^ + ( 1 / 2+ ^||0|| L , (R 3 ) . (3.12) 
Let Tf be the inside of the norm on the left of (13.111) . Then we have 

T*F = JJ e^^«xo{t)Xi{\v\)F{s,v)dvd8, 

TT*F = JI e^- s ^ 2k ^ 2k ^xl(m ■ xMM\y\)F(s, y)dyds, 
and so 



(3.13) 



\TT*F\ < \{e it ^ kD ^- 1 xl){2 k x) X < 0+ i{\x\)\ * \F\. (3.14) 

Let K(t,x) = (e itu){2kD) J r - 1 x 2 )(2 k x). Then ( l3~Tll will follow from 

\\K{t,x)\\ Ll Lr/2 <2 2 ^ k . (3 . 15) 

(a) In the Klein-Gordon case w(p) = (p), 

K(t,x) = J e^+^xMdp. (3.16) 

Simple computation shows that uj'{p) = p(p)" 1 , u)"(p) = (p)~ 3 . For r = 2, we 
use the local smoothing estimates. Indeed, using the Plancherel's identity in t and 
Cauchy-Schwartz inequality in x, we get 

||T/|| L?i ,<2^ 2 ^/ 2 (2 fc ) 1/2 ||/|| 2 , 

and hence 

WJ^P^hw ■ <2^2-^°y 2 U\\ Li (3.17) 
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where we used the notation a V b = max(a, b), a A b = min(a, b). 

Let VO) = t(2 k p) + 2 k px . Then i/j'(p) = t2 2k p(2 k P y 1 + 2 k x. Thus if |t|2 fcA0 > V , 
then \ifj' (p)\>\t\2 2k (2 k ) , using integration by parts twice we get 

2 



\K(t : x)\< j \d p ^\ P )-%(xl(p)^\pr 1 )]\dp<^ 2 2^ k (2 k y 
Combining with the trivial bound |i^|<l, we get that for k > and j > —k, 



\\KLil~ .< dt+ 2~ 2k r 2 dt<y. (3.18) 

M<23 J\t\<2i+ 2 J\t\>2i+ 2 

Hence, for k > and j > — k, 

\\e lt ^P k <P\\ L ^ <2^ 2 U\\ Ll . (3.19) 

Interpolating (13 . 1 7[) with (13 . 1 9[) and classical Strichartz estimate 

!|e it<D> P fe 0|UfL reR3 <2 (fcAO)/2 2 fevo ||0|U s , (3.20) 

we can get the homogeneous estimates in part (a) for wave-admissible pairs. 

Now we use the stationary phase method to get an improvement due to the non 
vanishing second derivative. Indeed 

|^"(p)| = |_f_L| > | t | 2 -(fcvo) 2 2( fc AO) (3 _ 21) 
(2 k p) 

in the support of Xo- Hence by the stationary phase method 

l^(^^)l<l^r 1/2 2 { " v0)/2 2" (fcA0) . (3.22) 

Thus eventually we have 

|^(t,^)xi(^)l<|tr 1/2 2t fcv0 >/ 2 2-( fc ^l {|£|2 ^ < 2J> + |t|- 2 2- 4fc <2 fc > 2 l {|t|2 ^o» 2J} . 
Therefore 

ILKlljir- < 2 i/2 2 (fcV0)/2 2 -3(fcA0)/2 ^fcAO^fc l^ks 
11 Uh * \x\<ri~ X ' 

and then for j > — V 0) — (k A 0) we have 

ll^^llx?*-^ < 2-^/4 + 3( fc vo)/4- (fc AO)/4 ||0|U2 _ (3>23) 

In particular, by interpolation between (I3.23P and f l3.19p . we get for k > 0, j > —A;, 

||e^P fc 0|| L?L ^ < 2^||0|| L ,, \<0<\. (3.24) 

Interpolating (13. 1 7[) with ( I3.24[) and classical Strichartz estimates, we get that for 
k < 0, if r > 10/3, then 

We^PkHLte < ( E 2^+^> + £ 2^-^( 1 ^))||0|| ii <2Mi-f)||0|| i| ; 
j<-fc j>-fe 

for fc > 0, if y < r < 4, then 

¥ m p k <t>\\q Ll <{ E 2 + E 2* + $<*-'><h> + E 2^^ M(1 -^)ii0ii^ 

<2%|b; 
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for k > 0, if r = 4, then 

j<—k —k<j<k j>k 

<(k)^U\\Ll\ 
for k > 0, if r > 4, then 

l|e^0||^<(E 2^H) + £ 2Hi( fc -^-§))||0|| L ,<2 fc ( 1 -i)||0|| L ,. 
j<-fc j>-fc 

Therefore, by interpolation the homogeneous estimates for Schrodinger-admissible 
pairs in part (a) is proved. 

The inhomogeneous linear estimates follow from the duality argument and the 
Christ-Kiselev lemma, similar to [TJ. 

(b) In the wave case oo(p) = \p\, we have 

\\^-\xl)(x±t)\\ LlLr/2 ~2\ (3.25) 

hence a = 1/2 (independent of r). Thus we obtain 

^-^e^XoiD)^^ < U\\ Ll . (3.26) 
In particular, we have 

\\e u ^Xo(Dm\ L , L r < U\\ Ll (Vr > 4). (3.27) 

By scaling, 

\\e im Pk<P\y tLl < (2 fe )l"M||0|U s (Vr > 4). (3.28) 

This yields the radial improvement of the wave Strichartz in 3D. □ 

Remark 1 . The generalized Strichartz estimates for Klein-Gordon equation was also 
studied by Cho-Lee [2] which also addresses the non-radial versions. Our proof is 
different from theirs, and the idea is from [7J. Our results give better bound on 
the regularity, but the range of (q, r) is the same except some endpoints. More 
precisely, they prove that the borderline case 2/g + 5/r = 5/2 is also admissible 
except for the endpoint (q, r) = (2, 10/3). The borderline case for the Schrodinger 
equation was partially proved in [7J, which was extended except for the endpoint by 
[8]. The borderline case for the wave equation is prohibited except for the trivial 
energy norm. 

The regularity in our estimates is optimal for all (q, r) in the admissible range. 
Indeed, there exists radial L 2 function ^ such that 

||e ii<D) P^|| i? ^>C(g,r,fc)||0|U s , (3.29) 

where C(g,r, k) = (A;) 1 ^ 9 2^ 1 / 2 " 1 / r ^ fc for (q,r) satisfying l/g+2/r = 1, and C(q, r, k) = 
2 /?(?,r)fe for all other ( ?j 

r) in the admissible range. By (13.101) . (I3.29P is equivalent to 
the existence of / such that 

II** -1 / e^ 2fe ^xo(p)/(p)sin(2 fe S p)rfp|| L?L , >o >C(g,r,fc)2" fc / 2 ||/|| L2 . (3.30) 
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Take / = l[o,io](p)> then we have 

/:= / e it ^ X o(p)f(p)sin(2 k sp)dp 
J p~i 

In the region E = {2~ k <C \t\ <C 2 fc , |t — s\ <C 2~ fc }, using integration by parts we 
get 1 7i| <C 1; on the other hand 



|/ 2 | ~ | / e(* k e^ k ee l2k{t - s)p Xo{p)dp\ ~ 1. 



Thus |/| ~ 1 on E. Hence, 

L.H.S. of d33QD >2- k/r { [ \t\^- q dt) l l q >C{q, r, A;)2~ fc / 2 

J2- k <.\t\<2 k 



2- 



and (I3.29p is proved. 



We will apply this lemma to the integral equations. Then in order to close the 
argument, we need to do some nonlinear estimates. 

3.1. Bilinear terms. The above Strichartz norms neatly fit in the bilinear terms 
on the right, which are partially resonant. Indeed we have 

Lemma 3.2. (1) For any M andU, the following estimates hold 

t q(-e) 3(e) 
||P>" 1 (^ M ||«fll<||^|| r ,*-l/4-.||M|| r ,*l/^. 



t q(—e) t q{e) 



IfO<0<l, | = |-f, J = 3 + f + §» then 



\\{D)-\MU) aL \\ L , Lfl <\W\\ L , B -^-A\U\\x\Y. (3.31) 

t x t q( — e) 

(2) For any IA 7 the following estimate holds 



\D{UU) HH \\ L]Ll <||W||^ V 4 + e |B2 /3 V (3.32) 



I/O<0<1, | = |-f, J = J + f-|, then 



\\D{UU) aL+La \\ LfLt <\\U\\x\v (3-33) 
Proof. (1) For the first inequality, it suffices to prove 

ll(^) L// || Li <||Ar|| B - 1/4 _ E ||W|| L2ijl/ 4 +£ . 

<j(-e) t <j(e) 
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By dyadic decomposition, we have (MU)lh = J2ki<k 2 -k a Pk\NPkJA. Then by 
Holder inequality, we get 

\\{MU) LH \\ Ll <{Y,\ E ll^lli 4 (-)lln a W|| £S wl a ) 1/a 

fc 2 ki<k2—k a 

<(£\ E 2 fcl ^ +£ )2^(^-)||P fel ^|| L , ( - e) ||P fe2 W|| ir) | 2 )^ 

fc 2 fci<fc 2 -fc Q 

S\N\\^-A\u\\^. 

9(-<0 9(e) 

Similarly, we can get the second one. For the third inequality, by Holder inequality 
and Sobolev embedding, 

(2) For the first inequality, we have 

\\D(UU) HH \\ Ll < E 2 fc2 ||P fcl W|| L , ( - £) ||P fc2 W|| L , {£ ) 

<\\u\\^ /2 -4u\\^ +e <||w||| 1/4+ 2/3 . 

9(-e) 9(e) ^(e) 1^,(6) 

The proof of the second one is similar with the third one in (1). □ 
3.2. Boundary terms. Next, we estimate the boundary terms. 
Lemma 3.3. For any No and Uq, we have 

llW'nCjVo.^llfli^ll^oll^HWbllfla, \\Dn{UM)\\LiSm 2 m x - 

As a consequence, for any Af and U 

IK^-^C^^IU^^IIATiu^iiwiU^i, \\D(i{UM)\\ L ?Li<\\u\\l rHl . 

Proof. We only prove ||fi(Ao, ^o)|U 2 ^ ||^Vo||i 2 ||Wo||fli, since the others are similar. 
From the Plancherel equality we have 



¥iWM)\\iz 



< 



<\W4li\\u 

I? 



where we used the Sobolev embedding \T 1 |wo(OIIU°°~ll' u o||j3" 1 - D 

To handle the other component, we will need a Coifman-Meyer type bilinear 
multiplier estimates (see Lemma 3.5 in [6]). 

Lemma 3.4. For any M and U we have 

\\(D)- x n(M,U)\\# Bl/4+e 2/3 < \\N\\ LrL% \\U\\ qL% , 

t\ q{e) 1 q(s)' 



\\Dn(UM)\\ L , B -^ < \\u\\ LTHl \\u\\ L . L% . 



J t^ 9 (-e) 

Proof. For the first inequality, it suffices to prove 



9(e) 1 9(e) 



By Sobolev embedding, we get 

\\n(Af,u)\\^ <\\Dn(Af,u)\\ Li . 



9(e) 
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It is easy to see that DQ(Af,U) is a bilinear multiplier with the symbol 

+ J2x<k-5(v)xk(0 



■(Z + v) + a\t\ + (v) 



and m satisfies the condition in Lemma 3.5 in [6]. Thus applying dyadic decompo- 
sition and Bernstein inequality, we get 

\\P <Q Dn(Af,U)\\L><(Y,W E DQ(Pk^,PkM)\\k) 1/2 

fc2<2 kl<k 2 — k a 

E WpMliWpMl^) 2 ) 112 

&2<2 fcl</C2 — ka 

fc 2 <2 ki<k 2 —k a 

Similarly, 

||P>on(^,ZO|| fl -i/3 <||P> ( J D)*" £ fi(Ar,W)|| L 2 

9(e) 

£(Ell E <^>*"n(^^«)llzs) 1/2 

k2>— 2 k\<k2—k a 

s(E( E ( 2fe2 )^"ii^iUiii^iu?) 2 ) 1/2 

fc2>— 2 fcl<fc2— fca 



^(E( E (2 fcl )^(2 fe2 )~*~ e ||P fc2 Ar||L i ||P fcl W|| L 6) 2 ) 1 /2 



fc2>— 2 fci<A:2— fc Q 

<l 



We proved the desired result. 

Similarly, for the second inequality, by Sobolev embedding we get 

\\DQ(U,U)\\ 6 - 1/4 - e < \\D" 2 n{UM)\\Li 

and DVt behaves similarly to DQ. Then applying dyadic decomposition and Bern- 
stein inequality, we get 

\\D^{l(U,U)hi<(J2\\ E D^Q{P k2 U,P k M)\\li) l/2 

k 2 ki<k2—k a 

£(E( E 2^ 2 iip fc2 wiu,||p fel wii L .) 2 )^ 

k 2 kl<k2—k a 

<(£( E 2(fel+fc2)/2 II^IUill^lUE) 2 ) 1/2 ^II^II^II^IUi- 

fc 2 ki<k 2 — k a 

Thus we finish the proof of the lemma. □ 



3.3. Cubic terms. Finally, we deal with the cubic terms. 
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Lemma 3.5. For any N and u we have 



\\DQm-\mM)\\ Li LismL rL i\m% Lr 

Proof. As in the proof of the previous lemma, applying dyadic decomposition, we 
get 

\MD\u\ 2 M)hi<C£\\ E n{p k2 D\u\\P kl u)\\li) 112 

k 2 k 1 <k2—k ct 

£(£( E ii^iwni^iip^n^) 2 ) 1 / 2 

&2 ki<k2—k a 

<|||M| a || fli / a ||W|| LS <||W|| fl i||M||i s . 
Similarly, for the second inequality, we have 
|| (/^(A/-, ( J D)- 1 (A^W))|| 4/5 

£(£ll E (-D) 5/6 ^(-Pfc 2 A/' , P fcl (-D) _1 (A/'W))|| 2 6/5) 1/ ' 2 

&2 k\<k2—k a 

<(£( E 2^(2^) 5/6 (2 fc 0" 1 ||^X|| L ,||P fcl (ATW)|| i 3) 2 )^ 

fc 2 k 1 <k2—k ct 

<(£( E 2 fc -^(2^) 5/6 (2^)" 1 ||P fc2 Ar|| Li ||P fel (ATW)|| L 3 /2 ) 2 ) 1/2 

&2 ki<k2—k a 

<W\\hJM\L°, 

and for the last inequality, we have 

llPf^p)- 1 ^),^)!^ 
S(£H E Dn{(D)-\NU)M)f Ll ) 112 

k2 kl<k2 — 



^(E( E 2^ 2 (2^)- 1 ||P fc2 (ArW)|| L ,||P fcl W|Ua) 2 ) 1 /2 

&2 fcl<fc2— fea 

S(£( E 2^^)/ 2 (2^)- 1 ||P fe2 (ArW)|| L , / 2||P fcl W|| L 6) 2 )^ 



&2 k\<k2—k a 

<||Arw|L 3/ 2||W|| L 6<||Ar|| L 2||W|| 2 . 



4. Proof of Theorem 11.11 



□ 



Now we are ready to use the estimates obtained in the previous section to prove 
Theorem O For any (u , u u n , G P^ 3 ) x L 2 (M 3 ) x L 2 (M 3 ) x P r _1 (M 3 ), we 
define an operator $ UO Ui no A^) by the right-hand side of fl2.10p - fl2.lll) . Our 
resolution space is 

5", = {{JAM) ■■ \\{UM)\\s = \\U\\x\y + ||A/-|| LOOL2nL2 ^_ 1/4 _ E < V } 

t x t q( — e),2 
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endowed with the norm metric || • \\s- 

We will show that $ UOiUl ,n ,ni : S v — > S v is a contraction mapping, provided that 
77 <C 1 and (m , Mi, no, jt-i) are sufficiently small. By the estimates in the previous 
section, we have for any (U,Af) G S v 

(U,J\P)\\s<\\Uo\\hi + + (||W ||ifi + ||A/" ||l2) 2 

+ \mm 3 s+m*o\\%<v 

if e = \\U \\ H i + IpVollig = \\u \\ H i + ||mi||l2 + ||no|U| + < 1, and we set 

7] = Ceq. Similarly, we can prove $ UOiUl)n0ini : S 1 ^ — > S v is a contraction mapping. 
Our estimates are time global, therefore Theorem 11.11 follows immediately. 
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